Abstract. We investigate C * -algebras associated with row-finite topological higherrank graphs with no source, which are based on product system C * -algebras. We prove the Cuntz-Krieger uniqueness theorem, and provide the condition of simplicity and purely infiniteness of our algebras. We give examples of non-discrete topological higher-rank graphs whose C * -algebras contain Cuntz's ax + b-semigroup C * -algebra over N.
Introduction
Recently, Cuntz introduced a C * -algebra Q N which is naturally associated with the ax + b-semigroup over N ( [2] ) and this algebra seems some kind of quantization of natural numbers. He showed that it is simple and purely infinite and generated by Bost-Connes C * -algebra C Q ( [1] ) and one unitary. Moreover, Cuntz and Li extended this construction to some commutative rings without zero divisors ( [3] ) which is motivated the extension of the Bost-Connes algebra to arbitrary number fields, and recently, Li has done for arbitrary rings ( [16] ). Moreover, the C * -algebra Q N has an arithmetic flavor from the construction and we think this C * -algebra will become a brigde between operator algebras and number theory like the Bost-Connes C * -algebra. Including such algebras, some important properties of C * -algebras are determined by the dynamical system on the underlying space. In this fashion, Katsura introduced a new class of C * -algebras which is called a topological graph C * -algebra ( [10] ). This class is not only a generalization of both graph algebras and homeomorphism C * -algebras, but also many interesting C * -algebras, for example, all Kirchberg C * -algebras are included in this class ( [13] ), and he systematically studied these algebras in a series of his paper.
On the other hand, Kumjian and Pask ([14] ) introduced a higher-dimensional graph C * -algebra which is called a higher-rank graph C * -algebra and Raeburn, Sims and Yeend extended it which is now called a finitely aligned higher-rank C * -algebra ( [19] , [20] ). One of the most interesting and attractive facts which does not observe in graph algebras is to appear AT-algebras like Bunce-Deddens algebras and irrational rotation algebras as a higher-rank graph C * -algebra ( [17] ). We feel that higher-rank C * -algebras have fruitful structures and are not merely higher dimensional version of graph C * -algebras. Under these backgrounds, in [24] , [25] , Yeend introduced a notion of a topological higher-rank graph which is unify a higher-rank graph and a topological graph C * -algebra. His approach is based on the theory of the groupoid C * -algebras ( [21] ). On the other hand, as one of higher-dimensional models of a Cuntz-Pimsner algebra, Fowler considered product system C * -algebras associated with quasi-lattice ordered group (G, P ) in [6] and
Raeburn and Sims researched relations between product system C * -algebras and higherrank graph C * -algebras in [18] . The purpose of this paper is to study a 'row-finite with no source' topological higherrank graph based on product system C * -algebras. In particular, we establish a method of an analysis of a (non-discrete) topological higher-rank graph and construct a new class of C * -algebras which can be considered as some extensions of Cuntz's ax + b-semigroup C * -algebras. It should be mentioned that Yeend commented in the introduction of [24] that there is a problem in product system C * -algebras, in particular the definition of Cuntz-Pimsner covariance, and in later, Sims and Yeend ([23] ) suggest a new CuntzPimsner covariance of a product system C * -algebra which includes C * -correspondences ( [11] ), finitely aligned higher-rank C * -algebras ( [20] ) and coincide with Fowler's one under the 'row-finite with no source' case. However, there is no research to establish a theory of the C * -dynamical system based on the product system C * -algebras and topological higher-rank graphs. Furthermore we need slightly different techniques compared with (discrete) higher-rank graphs.
In this paper, we actively consider the infinite dimension case of topological higher-rank graph though the dimension of higher-rank graphs is supposed to be finite in usual. In terms of product system C * -algebras, it is equivalent to consider the ordered lattice group
One of this reason is that Q N (and also C Q ) have a structure based on the prime numbers (more precisely, the prime factorization of natural numbers) which is corresponding to the basis of (⊕
. We can expect that this case leads more fruitful structures for topological higher-rank graph C * -algebras. This paper is organised as follows. In Section 2, we define a topological higher-rank graph followed by Yeend and recall several definitions and fundamental facts. In Section 3, we prove the Cuntz-Krieger Uniqueness theorem under the assumption 'row-finite with no source' (Theorem 3.11). This is our main theorem and a generalization of Theorem 4.6 of [14] . A point of the proof of this theorem is to overcome the difficulty of calculations of some multiplications which does not occur in higher-rank graph C * -algebras. In Section 4, we give the condition for topological higher-rank C * -algebras to be simple and purely infinite. In Section 5, we construct a higher rank version of a topological graph investigated by Deaconu ([4] ) and Katsura ([13] ). The associated C * -algebras include Cuntz's ax + bsemigroup C * -algebra Q N over N. The author think that this way of the extension of the ax + b-semigroup C * -algebra is different to the arithmetic one noted as above, but we expect some relationships with number theory.
After completed this work, the author has found that Renault, Sims and Yeend proved the uniqueness theorem for a C * -algebra associated with a compactly aligned topological higher-rank graph which is more generalized setting from the author's one ( [22] ). However they proved this theorem via a groupoid theory ( [21] ), on the other hand, the author's method is used a theory of a product system C * -algebra.
Preliminaries
In this section, we recall a topological k-graph defined by Yeend and a product system C * -algebra defined by Fowler, in order to construct an associated C * -algebra for a topological k-graph.
We denote the set of natural numbers by N = {0, 1, 2, · · · } and the integers by Z. We denote by T the group consisting of complex numbers whose absolute values are 1. Given a (semi)group with identity P and k = 1, 2, · · · , ∞, we denote P k = ⊗ k i=1 P by the direct sum of P which has a natural (semi)group structure. We consider N k as an additive semigroup with identity 0. For 1 ≤ k ≤ ∞, e 1 , e 2 , · · · are standard generators of N k . We write the i-th coordinate of m ∈ N k by m (i) . For m, n ∈ N k , we say m ≤ n if m (i) ≤ n (i) for any 1 ≤ i ≤ k. For a locally compact (Hausdorff) space Ω, we denote by C(Ω) the linear space of all continuous functions on Ω. We define C c (Ω), C 0 (Ω), C b (Ω) by those of compactly supported functions, functions vanishing at infinity, and bounded functions, respectively.
Next we shall define a topological k-graph which was defined by Yeend ([24] , [25] ). 
In [24] and [25] , Yeend supposed the second-countablility of the locally compact spaces Obj(Λ) and Mor(Λ). However we will not use this assumption in here. We refer to the morphisms of Λ as paths and to the objects of Λ as vertices. The maps r and s are called the range and source maps, respectively. Given subsets U, V ⊂ Λ, we define
We give an example of topological k-graph. Set Obj(Ω k ) = N k and Mor(Ω k ) = {(m, n) ∈ N k × N k |m ≤ n} with discrete topologies. The range and source maps are given by r(m, n) = m, s(m, n) = n.
For m ∈ N k , define Λ m to be the set d 
and 0 ≤ m ≤ n ≤ l, there exists uniquely λ 1 ∈ Λ m , λ 2 ∈ Λ n−m and λ 3 ∈ Λ l−n such that λ = λ 1 λ 2 λ 3 by the factorization property. We shall denote λ 2 as λ(m, n), and especially, we shall write λ(m) = λ(m, m). Then we can define the continuous map Seg
Next we shall define a property of Λ which is correspond to Definition of 1.4 of [14] for a higher-rank graph. m (V ) = ∅. We say Λ is row-finite (resp. has no source) if for every m ∈ N k , Λ is row-finite (resp. has no source) for degree m.
If Λ e i is row-finite (resp. has no source) for every standard generators e i ∈ N k , then Λ is row-finite (resp. has no source) by the following proposition. Proposition 2.3. For m, n ∈ N k , Λ are row-finite (resp. has no source) for degree m, n, then Λ is row-finite (resp. has no source) for degree m + n.
Proof. First, we suppose that Λ m , Λ n are row-finite. For any v ∈ Λ m , r
n is row-finite, we can take a set of neighbor-
. By Lemma 1.21 of Katsura's article, there exists a neighborhood V of v such that
and r −1 m (V ) is compact since Λ is row-finite for degree n. Then
and this implies Λ is row-finite for degree m + n.
On the other hand, since Λ m has no source, for any v ∈ Λ 0 , there is a neighborhood V of v such that r
m+n has no source.
Let Λ be a row-finite topological k-graph with no source. We define the infinite path space of Λ by
We extend the range map by setting r(α) = α(0).
* -algebras from topological higher-rank graphs, we use the product system C * -algebras considered by Fowler [6] . First we shall recall a Hilbert A-bimodule. Let A be a C * -algebra and Y be a right Hilbert A-module with an A-valued inner product ·, · . We denote by L(Y ) the C * -algebra of the adjointable operators on Y . Given x, y ∈ Y , the rank-one operator θ x,y ∈ L(Y ) is defined by θ x,y (z) = x y, z for z ∈ Y . The closure of the linear span of rank-one operators is denoted by K(Y ). We say that Y is a Hilbert A-bimodule if Y is a right Hilbert A-module with a homomorphism φ :
Let P be a discrete multiplicative semigroup with identity e, and let A be a C * -algebra. A product system over P of Hilbert A-bimodules is a semigroup X = p∈P X p such that (1) for each p ∈ P , X p ⊂ X is a Hilbert A-bimodule with a left action φ p of A ;(2) the identity fibre X e is equal to the bimodule A A A ; (3) for p, q ∈ P \ {e}, there is an isomorphism M p,q : X p ⊗ A X q −→ X pq (in this paper, we also denote x ⊗ y ∈ X pq instead of M p,q (x ⊗ y)) ; (4) multiplication in X by elements of X e = A implements the action of A on each X p ; that is M e,p (a ⊗ x) = a · x and M p,e (x ⊗ a) = x · a for all p ∈ P, x ∈ X p and a ∈ X e = A. In this paper, we always suppose P is subsemigroup of a discrete group G such that P ∩ P −1 = {e} and with respect to the partial order p ≤ q ⇐⇒ p −1 q ∈ P , any two element p, q ∈ G which have a common upper bound in P have a least upper bound p ∨ q ∈ P . We write p ∨ q = ∞ to indicate that p, q ∈ G have no common upper bound in P . We say the pair (G, P ) with such properties is a quasi-lattice ordered group. The main example of interest to us is (G, P ) = (Z k , N k ), which is actually lattice-ordered: each m, n ∈ N k has a least upper bound m∨n with i-th coordinate (m∨n) (i) = max{m (i) , n (i) }. Let (G, P ) be a quasi-lattice ordered group and let X be a product system over P . Throughout this paper, we suppose the left action of A on each fiber X p is an injective into K(X p ). Let B be a C * -algebra, and let T be a map from X to B. For p ∈ P , let T p = T | Xp . We say that T is a representation of X if (i) T e is *-homomorphism and each
We say that X is compactly aligned if for all p, q ∈ P such that p ∨ q < ∞, and
. If the image of the left action of A on each fiber X p is in K(X p ) which is assumed in this paper, then X is compactly aligned by Proposition 5.8 of [6] . In this case, T satisfies the following relation which is called Nica covariance by Proposition 5.4 of [6] ; for
There is a C * -algebra O X and a Cuntz-Pimsner covariant representation t : X −→ O X which is universal in the following sense: O X = C * (t) and for any Cuntz-Pimsner covariance T : X −→ B, there is a unique homomorphism T * : O X −→ B such that T * • t = T . Remark that t is injective (see [6] ).
For P = N k , the universality allows us to define a strongly continuous gauge action
be a faithful conditional expectation onto O γ X . We shall consider a product system C * -algebra associated with a row-finite topological k-graph Λ with no source. For the quasi-lattice ordered group (G,
where the inner product ·, · is defined by
for ξ, η ∈ X n and v ∈ Λ 0 , and the left and right actions are defined by
Then we can construct a product system X from these data. Definition 2.4. Let Λ be a row-finite topological k-graph with no source and X is a product system defined as above. We define the C * -algebra O(Λ) to be the universal C * -algebra O X built from the product system X.
For a product system X associated with a row-finite topological k-graph with no source and a Cuntz-Pimsner covariance T : X −→ C * (T ), let us define a sub *-algebra
This sub *-algebra is dense in C * (T ) by Lemma 1.6 of [10] . We will use the dense algebra C * (T ) cpt instead of the algebraic part of C * (T ).
Cuntz-Krieger Uniqueness Theorem
In this section, we shall prove so-called Cuntz-Kriger Uniqueness Theorem for certain row-finite topological k-graph with no source (Theorem 3.11). The phenomena which does not occur in higher-rank graph C * -algebras or topological (1-)graph C * -algebras is to be difficult to compute the form T n (ξ) * T m (η) using the terms of the underlying topological k-graph if n and m are unordered (see Lemma 3.1 of [14] and Lemma 2.4 of [10] ). To avoid this problem, we prove this theorem by the combination of the idea of [8] for CuntzPimsner algebras O Y for Hilbert A-bimodule Y and the notion of the Nica covariance. However, Kajiwara-Pinzari-Watatani ( [8] ) considered in the case that Y has a finite basis which is stronger than our assumption, we need to modify a little bit.
First, we introduce some terms for working smoothly.
Definition 3.1. Given finitely many functions
is an orthogonal pair. Lemma 3.2. Let Λ be a row-finite topological k-graph with no source.
(
Since s is a local homeomorphism, for each λ ∈ Λ m there exists an relative compact open neighborhood U λ of λ such that the restriction of s m to U λ is injective. Since supp(ξ) is compact, we can find
is a partition of unity for supp(ξ). (2) Take ξ ∈ X m and a partition of unity
Proof. Since we assume Λ is row-finite,
such that s n i (λ) = r m i (µ) and λµ ∈ supp(w p ) (in this case, λ is uniquely determined), then we define u i,p (µ) = w p (λµ) and otherwise u i,p (µ) = 0. From the construction of
On the other hand, there is a partition of unity {v i,q } q for the compact set K i . Then
Since
is a partition of unity for supp(ξ), we obtain
Proof. First, we consider the left action
, we obtain the equation
The following lemma is proved by Katsura (Lemma 1.16, 1.17 of [10] )
Proof. By Lemma 3.6, there is a orthogonal pair 
. For such infinite path α, we say that α is an aperiodic path. 
. Then using row-finiteness and no source, we can suppose
We remark that the sum of x 0 may be infinite or the components may have non-compact supports. Let us put
∈ K(X n ), then since the injectivity of T 0 , x 0 = S 0 by Lemma 2.2 of [8] . Since S 0 = sup ξ , η =1 ξ, S 0 η ∞ , for any ǫ > 0, there exists ξ 1 , ξ 2 ∈ C c (Λ n ) such that
Then there is an element v ′ ∈ Λ 0 and open neighbor V at v ′ such that
For V , using condition (A), there exists v ′ and an aperiodic path
Then U is an open set and α(0, l) ∈ U. Since Λ l is locally compact, we can suppose U is relative compact. Take Q ∈ C c (U) such that Q(α(0, l)) = 1 and 0 ≤ Q ≤ 1. Fix i such that n i,1 = n i,2 and set m i,j = n − n i,j . Let us put K 1 = supp(ξ i,1 ), K 2 = supp(ξ i,2 ), K 3 = supp(ξ 1 ) ∪ supp(ξ 2 ). By Lemma 3.3, there exist a partition of unity {v j,q } q for K j and {u j,p } for Seg
q is a partition of unity for K 3 . By Lemma 3.4 and 3.5,
On the other hand,
In the last equation, we used Nica covariance. If we suppose µ(m i,1 , l + m i,1 ) ∈ U and µ(m i,2 , l + m i,2 ) ∈ U for µ ∈ Λ (l+m i,1 )∨(l+m i,2 ) , then this contradicts Proof. Take x ∈ C * (T ) cpt . Let x, x 0 be represent as in Proposition 3.10. For the proof of theorem, we enough to show x 0 ≤ x since C * (T ) cpt is dense in C * (T ). But this inequation follows from Proposition 3.10.
The following proposition will use in Lemma 4.8 (see also Proposition 5.10 of [10] ).
Proposition 3.12. Let Λ be a row-finite topological k-graph and satisfies condition (A) and T is injective. For
Proof. By Proposition 3.10, there exist b ∈ C * (T ) and 0 ≤ S ∈ K(X l ) such that
Then there is ζ ∈ X l such that ζ = 1 and ζ, Sζ > S − ǫ/2. Set g = ζ, Sζ ∈ C 0 (Λ 0 ) and a = bT l (ζ). Then T 0 (g) = a * x 0 a. Since g ≤ S ≤ x 0 and
Therefore we get | g − x 0 | < ǫ/2. Hence f = x 0 g/ g satisfies that f = x 0 and
Simplicity and Purely infiniteness
In this section, we give criteria when O(Λ) is simple and purely infinite. Our terms and analysis are based on the works of Katsura ([12] , [13] ), Kajiwara-Pinzari-Watatani( [8] ), and Kajiwara-Watatani ( [9] ). Definition 4.1. Let Λ be a row-finite topological k-graph with no source and X be a product system associated with Λ.
(1) For an ideal I of C 0 (Λ 0 ), I is X-invariant if for any f ∈ C 0 (Λ 0 ) and ξ, η ∈ X m , ξ, f · η belongs to I. I is X-saturated if there is 1 ≤ i ≤ k such that ξ, f · η ∈ I for any ξ, η ∈ X e i , then f ∈ I. (2) Let Ω be a subset of Λ 0 . We say that Ω is positively invariant if for λ ∈ Λ, s(λ) ∈ Ω implies r(λ) ∈ Ω, and Ω is negatively invariant if for any v ∈ Ω and 1 ≤ i ≤ k, there exists λ i ∈ Λ e i such that v = r(λ i ) and s(λ i ) ∈ Ω. We say that Ω is invariant if Ω is positively and negatively invariant. (3) Λ is said to be minimal if there exist no closed invariant set other that ∅ or Λ 0 .
Let I be an ideal of C 0 (Λ 0 ). Then there exists a closed subset Ω I of Λ 0 such that
Proposition 4.2. Under the above assumption, (1) I is X-invariant if and only if Ω I is positively invariant. (2) I is X-saturated if and only if Ω I is negatively invariant.
Proof. Suppose I is X-invariant and s m (λ) ∈ Ω I . Let 0 ≤ a ∈ I, then ξ, f · ξ ∈ I for any ξ ∈ X m . Take ξ ∈ X m such that ξ(λ) = 1. Then r m (λ) ∈ Ω I since
Conversely, we suppose Ω I is positively invariant. For each f ∈ I and λ ∈ Λ m such that
Hence we have done the proof of (1).
Next, we shall prove (2). First we suppose Ω I is negative invariant. Let us suppose that there is 1 ≤ i ≤ k such that ξ, f ·η ∈ I for all ξ, η ∈ X e i . For any v ∈ Ω I , there is λ ∈ Λ e i such that v = r e i (λ) and s e i (λ) ∈ Ω I . Let us take ξ, η ∈ X e i such that f (λ) = 1 = g(λ) and f (µ) = 0 = g(µ) for s e i (λ) = s e i (µ) and λ = µ. Then
This implies f ∈ I. Next we shall prove the "only if" part. We suppose that there exist v 0 ∈ Ω I and 1 ≤ i ≤ k such that s e i (λ) / ∈ Ω I for any λ ∈ Λ e i (v 0 ) and we shall induce a contradiction. Then for any λ ∈ Λ [10] . Define a function f ∈ A such that f ≥ 0, supp(f ) ⊂ W and f (v 0 ) = 1. We suppose that there exist v ∈ Λ 0 and ξ, η ∈ X e i such that ξ, f · η (v) = 0. Then there is µ ∈ Λ e i such that v = s e i (µ) and f (r e i (µ)) = 0. Thus r e i (µ) ∈ W . From a choice of W , v /
∈ Ω I holds. Hence we conclude ξ, f · η ∈ I. The assumption of X-saturated implies f ∈ I, however f (v 0 ) = 1. This is a contradiction.
Hence we completed the proof.
Let J be an ideal of O(Λ). Since t 0 is injective, for Proof.
Hence ξ, f · η ∈ I 0 and this implies that I 0 is X-invariant. Let us suppose that there exists 1 ≤ i ≤ k such that ξ, f · η ∈ I 0 for ξ, η ∈ X e i . Then for any S 1 , S 2 ∈ K(X e i ), ψ e i (S 1 )t 0 (f )ψ e i (S 2 ) ∈ J 0 . Since Λ is row-finite without source, t 0 (f ) ∈ ψ e i (K(X e i )) and using an approximate unit of K(X e i ), we can conclude
Proof. Let us put
which is dense in J. Then we shall show J alg ∩ t 0 (A) ⊂ t 0 (I 0 ).
By using the faithful conditional expectation Ψ onto O(Λ)
where l j ∈ N k are suitable elements and ξ
On the other hand, there exists f 0 ∈ A such that x 0 = t 0 (f 0 ). Since I 0 is X-saturated, we obtain x 0 = t 0 (f 0 ) ∈ t 0 (I 0 ).
Next, we prove J ∩ t 0 (A) = t 0 (I 0 ). The inclusion J ∩ t 0 (A) ⊃ t 0 (I 0 ) is obvious. Take x ∈ J ∩ t 0 (A). For any ǫ > 0, there is
such that x − x 0 < ǫ. By using the faithful conditional expectation Ψ again, we can assume m j,1 + n j,1 = m j,2 + n j,2 for every 1 ≤ j ≤ L. For a large l ∈ N k and any ξ, η ∈ X l such that ξ , η ≤ 1, we obtain t l (ξ)
. Since x ∈ t 0 (A) and I 0 is X-saturated, we obtain x ∈ t 0 (I 0 ). Therefore we finished.
Next, we introduce an orbit space followed by Katsura ([12] ).
Definition 4.5. Let Λ be a row-finite topological k-graph with no source. For v ∈ Λ 0 , define a subset Orb
The subsets Orb + (v), Orb − (v, α), Orb(v, α) are said to be the positive orbit space of v ∈ Λ 0 , negative orbit space of (v, α), orbit space of (v, α), respectively. Lemma 4.6. Let Λ be a row-finite topological k-graph with no source.
Proof.
(1) First, we shall show the case k < ∞. We remark that we need not to assume Ω is closed in this case. Let Ω be an invariant subset of Λ 0 . Fix v ∈ Ω. By negativity and positivity of Ω and factorization property of Λ, we can easily construct α ∈ Λ ∞ such that α(m) ∈ Ω for any m ∈ N k . Using the positivity of Ω, Orb(v, α) ⊂ Ω. Next we shall show the case k = ∞. For m ∈ N k and an open set U ⊂ Λ m , let us define Z(U) = {α ∈ Λ ∞ |α(0, m) ∈ U}. We shall define a topology of Λ ∞ such that
is a topological space by the relative topology of Λ ∞ . On the other hand, for n ≤ m, we shall define π n,m :
Then E p is non-empty closed subset of Λ ∞ (v) since the first part of this proof and Ω is closed. Since Λ ∞ (v) is compact and
Thus there is µ ∈ Λ such that s(λ) = r(µ) and s(µ) = v ′ . Then λµ ∈ Orb + (v ′ ) and this implies r(λ) = r(λµ) ∈ Orb
. Then µ(0, e i ) ∈ Λ e i satisfies w = r(µ(0, e i )) and s(µ(0, e i )) ∈ Orb(v, α). Hence we conclude that Orb(v, α) is negatively invariant. 
Proof. 
(ii) ⇐⇒ (iii): This follows from Lemma 4.6 and if Ω is invariant then the closure Ω is an invariant closed subset.
Next, we discuss the purely infiniteness of O(Λ). We say that a simple C * -algebra is purely infinite if every non-zero hereditary C * -subalgebra has an infinite projection.
Lemma 4.8. Let Λ be a row-finite topological k-graph with no source satisfying condition (A) and v 0 ∈ Λ 0 be an element of Λ 0 with Orb
Proof. This statement is similar to Lemma 1.12 of [13] and Katsura's proof works by some modifications (use Proposition 3.12).
Definition 4.9. Let Λ be a row-finite topological k-graph with no source. For n, m ∈ N k and two subsets U ⊂ Λ n and
Proof. Take an approximate unit {h i } i∈A in C 0 (Λ 0 ). Then, for i, j ∈ A, 
We say that a row-finite topological k-graph Λ with no source is contracting at v 0 ∈ Λ 0 if Orb + (v 0 ) = Λ 0 and any neighborhood V 0 of v 0 contains a contracting open set V ⊂ V 0 . We simply say that Λ is contracting if Λ is contracting at some v 0 ∈ Λ 0 .
Theorem 4.13. Let Λ be a row-finite topological k-graph with no source satisfying condition (A). If Λ is minimal and contracting, then the C * -algebra O(Λ) is simple and purely infinite.
Proof. This proof is same as Theorem A of [13] .
Examples
In this section, we construct a new topological k-graph from a higher-rank graph and covering maps on T whose C * -algebras include Cuntz's ax + b-semigroup C * -algebra over N.
First, we recall Katsura's construction from the directed graph E = (E 0 , E 1 , s, r) and two maps m : E 1 −→ Z and n : E 1 −→ Z + = N \ {0}. We define two continuous maps s, r : E 1 × T −→ E 0 × T by s(e, z) = (s(e), z n(e) ) and r(e, z) = (r(e), z m(e) ). Then
is a topological graph in the sense of Katsura. We shall consider a higher-rank version of E × n,m T.
By Theorem 2.1 and Theorem 2.2 of [7] , a topological k-graph Λ is charactrized by
(1 ≤ i < j ≤ k) preserving range and source maps respectively and have the hexagonal condition
on Λ e i × c Λ e j × c Λ e l for k ≥ 3 and each 1 ≤ i < j < l ≤ k.
Proposition 5.1. Let Γ be a (discrete) row-finite higher-rank graph with no source defined by the maps
the following relations (i),(ii), then there exists a homomorphism
such that this map induces a row-fintie topological k-graph Λ (Γ,m,n) with no source;
2 ) where gcd(m, n) is the greatest common divisor for positive integers m, n.
Proof. Given p ≥ 1 and λ j ∈ Γ e i j (1 ≤ j ≤ p), let us define
(1 ≤ j ≤ p − 1)} and define a range map r (λ 1 ,···λp) and a source map s (λ 1 ,···λp) by
2 ) preserving range and source maps respectively. Fix z ∈ T and consider the elements (z 1 , z 2 ) ∈ T (λ 1 ,λ 2 ) and ( w 2 ). Set ω m be the m-th root of 1. Then (z 1 , z 2 ), (w 1 , w 2 ) are restrict to the following forms: , then this map is homeomorphism and preserving range and source maps. Moreover, we can check that S i,j satisfies the hexagonal condition by a tedious calculation. Hence we can construct a topological k-graph Λ (Γ,m,n) from Γ e i × n i ,m i T and T i,j = T i,j × S i,j . This topological k-graph is row-finite with no source by Proposition 2.3. by T e i ,e j (λ i , λ j ) = (λ j , λ i ). Let P = {p 1 , p 2 , · · · } be the set of prime numbers with p 1 ≤ p 2 ≤ · · · . Define m i (λ i ) = 1, n i (λ i ) = p i . Then Γ e i , m i , n i satisfy the assuption of Proposition 5.1, hence we can construct a topological k-graph Λ Γ,m,n . For this graph, the C * -algebra O(Λ Γ,m,n ) is isomorphic to the ax + b-semigroup C * -algebra Q N defined in [2] which is the universal C * -algebra generated by isometries s n (n ∈ N * ) and a unitary u satisfying the relations s n s m = s nm , s n u = u n s n , n−1 i=0 u i s n s * n u −i = 1 for n, m ∈ N * . Let a 0 be a generator of A = C(T) and ξ i = 1/ √ p i be a constant function of X e i = C(T), then u and s p i are corresponding to t 0 (a 0 ) and t e i (ξ i ) respectively. Cuntz showed that the C * -algebra Q N is simple and purely infinite in [2] . This property is also followed by Theorem 4.13 in our state.
be a set of pairs such that p i ∈ Z\{0} and q i ∈ Z + with gcd(|p i |, q j ) = 1 (1 ≤ i, j ≤ k). Set m i (λ i ) = p i and n i (λ i ) = q i . By Proposition 5.1, we can define a topological k-graph Λ Γ,m,n . If (|p i |, q i ) = (1, 1) for all i, then Λ satisfies condition (A). Under this condition, if there exists 1 ≤ i ≤ k such that p i / ∈ q i Z, then O(Λ Γ,m,n ) is simple purely infinite by Theorem 4.13. In [2] , Cuntz showed Q N is generated by Bost-Connes algebra ( [1] ) adding one unitary. So we have an interesting the corresponding part of Bost-Connes algebra in this example (See Remark 5.6).
Next, we give two examples of topological 2-graphs whose associated (discrete) 2-graphs are not only one loop. Γ is characterized by Γ e 1 = {λ 1 , λ 2 }, Γ e 2 = {µ 1 , µ 2 }, and T e 1 ,e 2 (λ 1 , µ 1 ) = (µ 1 , λ 2 ), T e 1 ,e 2 (λ 2 , µ 2 ) = (µ 2 , λ 1 ). By (ii) of Proposition 5.1, p 0 = m 1 (λ 1 ) = m 1 (λ 2 ) and q 0 = n 1 (λ 1 ) = n 2 (λ 2 ) have to hold. Set p i = m 2 (µ i ), q i = n 2 (µ i ) (i = 1, 2). Then we have to impose gcd(|p 0 p i |, q 0 q i ) = 1 for i = 1, 2. If (|p 0 |, q 0 ) = (1, 1) and (|p 1 p 2 |, q 1 q 2 ) / ∈ Z + (1, 1), then Λ Γ,m,n is Condition (A). Moreover p 0 / ∈ q 0 Z or p 1 p 2 / ∈ q 1 q 2 Z, then O(Λ Γ,m,n ) is simple and purely infinite because of the existence of the loop in Γ.
Example 5.5. Let us consider the 2-graph Ω 2 . In a suitable condition, O(Λ Ω 2 ,m,n ) is a simple AT-algebra (also see the dichotomy after Proposition 3.14 of [13] ).
Remark 5.6. If we remove the "no source" assumption, we can treat the Bost-Connes algebra C Q in the framewark of topological k-graph. Let P = {p 1 , p 2 , · · · } be the set of prime numbers with p 1 ≤ p 2 ≤ · · · . Set Z p (p ∈ P) be the p-adic ring and Z = p∈P Z p . Laca (Proposition 32 of [15] ) showed C Q is isomorphic to an endomorphism crossed product C(Z) ⋊ α N ∞ where α e i : C(Z) −→ C(Z) is the endomorphism defined by
On the other hand, Λ 0 = Z, Λ e i = p i Z (1 ≤ i < ∞), and define r e i , s e i : Λ e i −→ Λ 0 by r e i (x) = x and s e i (x) = x/p i , then we can "construct" a topological ∞-graph Λ such that O(Λ) ∼ = C Q (see also Example 2.5 (4) of [25] ). However Λ has sources, so far, we cannot treat the Bost-Connes algebra C Q in this paper.
